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A is a function X : § — R, i.e.,
each outcome in the sample space is associated with a

numerical value.

Example 1: X = number of heads in three coin tosses

HHT TTH
S  HHH HTH THT TTT
THH HTT
T 3 2 1 0
plx) g 5 5 5
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A stochastic process { X} is a random variable

observed over time.
e Discrete or continuous time processes.

e A Markov process is a process where the next
state of the system depends only on the current
state (or more generally, on a finite number of

immediate past states)

e A discrete Markov process is called a Markov

chain
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Ingredients for Markov Chain

Xo,X1,X9,...,X,,... describes the state of the
chain

State space = {1,2,3,...,N}

(Stationary) transition probabilities
pi,j = P(Xpy1 = j|Xn = 1)

Graphical display - states are nodes, transitions are
edges
Transition matrix P = (pi,j)f;\fj:y Note that all

rows in P have to add to 1, i.e., P is a stochastic
matrix.
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Example 2: A gambler plays on one of four slot
machines, each of which pays off a reward with
probability 1/10. If the player wins on any machine, he
continues to play the same machine; otherwise, he
switches at random to one of the adjacent machines
(where machine 1 and machine 4 are considered

adjacent).

S =11,2,3,4}
P(stay) =p;; =1/10 foralli =1,...,4

P(switch to adjacent)
(9/10)(1/2) = 9/20

= P; ir1(moda) — Pii—1(moda) —
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Transition Matrix and Graphical Representation
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Questions

e What is the probability for a specific path, i.e.,

sequence of particular states visited?

e What is the probability for moving from state 2 to 5
in n steps?

e What is the probability to be in state ¢ at time n?

e What is the percentage of time that state ¢ occurs

in the long run?
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For (Question 1, look at the sequence of states visited
1,2,3,3,4,1,4

We usually represent such a sequence in this form:

l1—-2—-3—-3—-4—-1—4

Pl—2—-3—-3—-4—1—4)
— P(X, = 2|Xo = 1)P(Xs = 3|X; = 2)P(X3 = 3| X5 = 3)
P(X4=4|X3=3)P(X5 =1|X4y, =4)P(Xg =4|X5 =1)

— P1,2°P2,3°P3,3°P3,4°P4,1:P1,4
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For Question 2, look at P(X, = 1|Xg=1) = pf)

=1 =1 P1,1 P11
I - 2 — 1 .
Possibilities: P12 - P21
Il =3 =1 P1,3 P31
L =4 =1 P1,4 P4an
2
=PIl = PracPiatPLzPaa F P PaatDiaDad

1\? 9\ 2 9\ 2
— — — 0 — | =~ .415
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Note: pﬂ = Z;lzl P1,l - P11 = (P - P)l,l — (P2)1,1

(pl,l P12 P1,3 P14 \ (pl,l P12 P1,3 P14 \
P21 D22 D2.3 D2.4 . P21 P22 P23 P24
P3,1 P32 P33 P34 P3,1 P32 P33 P34
\ P41 P4,2 P4,3 P4,4 ) \ P41 P42 DP4,3 P44 )

In general, the matrix P* contains the probabilities for
the
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For (QQuestion 3, we use the Law of Total Probability,
conditioning on the initial state. Let

P = (P(Xn =1),P(X, =2),...,P(X,, = N))

be the vector of state probabilities at time n, and
79 be the vector of initial state probabilities. Then

P(X, =i) = f:P(Xn —ilXg=1)P(Xo=1)
=1

and we can compute the vector of state probabilities as
g = ). pn
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i 20 0 %
9 1 9
pl_ | 20 10 20
o 2 1 9
20 10 20
50 % &
0.17 0.33 0.17 0.33
PS5 0.33 0.17 0.33 0.17
0.17 0.33 0.17 0.33
0.33 0.17 0.33 0.17
0.28 0.22 0.28 0.22
plo_ 0.22 0.28 0.22 0.28
0.28 0.22 0.28 0.22
0.22 0.28 0.22 0.28
0.24 0.26 0.24 0.26
pl5 _ 0.26 0.24 0.26 0.24
0.24 0.26 0.24 0.26
0.26 0.24 0.26 0.24
0.25 0.25 0.25 0.25
P20 _ 0.25 0.25 0.25 0.25
0.25 0.25 0.25 0.25
0.25 0.25 0.25 0.25
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Example 4: Assume the gambler in Example 3 always
starts at slot machine 1. What is the probability that
the player will move to slot machine 3 after the 10th

game? (Note that X; = machine played in game ¢ + 1.)

p® =(1,0,0,0). Need to compute p19 = 50 . p10,

[ 0.28 0.22
0. 0.22 0.28
0.28 0.22

\ 022 0.28

0.28
0.22
0.28
0.22

0.22 \
0.28
0.22

0.28

— (0.28 0.22 0.28 0.22)
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For (Question 4, we need the concept of a stationary

distribution and a regular matrix.

A state probability vector is called a stationary
distribution 7 if it satisfies 7 - P = 7. The transition
matrix P is regular, if, for some n, the entries of the

matrix P™ are all positive (no zeros allowed).

Theorem: If P is a regular transition matrix, then the
powers P" approach a matrix all of whose rows are the
same, and this row vector is the stationary distribution

Tr.
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i 20 0 %
9 1 9
pl_ | 20 10 20
o 2 1 9
20 10 20
50 % &
0.17 0.33 0.17 0.33
PS5 0.33 0.17 0.33 0.17
0.17 0.33 0.17 0.33
0.33 0.17 0.33 0.17
0.28 0.22 0.28 0.22
plo_ 0.22 0.28 0.22 0.28
0.28 0.22 0.28 0.22
0.22 0.28 0.22 0.28
0.24 0.26 0.24 0.26
pl5 _ 0.26 0.24 0.26 0.24
0.24 0.26 0.24 0.26
0.26 0.24 0.26 0.24
0.25 0.25 0.25 0.25
P20 _ 0.25 0.25 0.25 0.25
0.25 0.25 0.25 0.25
0.25 0.25 0.25 0.25
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e P is a regular transition matrix (P°, for example,
has all positive entries) = stationary distribution

ex1sts
o P?Y suggests that m = (1/4,1/4,1/4,1/4)
e Check: m- P =77

Note: If no computer is available to compute matrix
powers of P, one can solve for m = (w1, 72,...,7n) by
setting up the system of N equations corresponding to
m- P =m and solve for m;, : = 1,...N. Due to
redundancy in this system, we also need to use that

Zfl\;l m = 1.
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9 1 9 O
(1 To T3 ) = (2)0 190 210 . - (71 T2 T3 T4

9 9 1
\z—oO%E)

1—10771 +%772 +%7T4 =m (1)
ST +15T2 s =y (2)
2%772 +1—10773 —|-%7T4 =m3 (3)

T +aomy iem =ma (4)
m + m 4+ w3 4+ mwmy =1 (5H)
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Summary

The stationary distribution can be found in two ways:

1. Use software to compute high powers of the
transition matrix. When all rows are identical, read
oftf the stationary distribution. Verity by computing
7w - P and checking that the result equals 7.

2. Solve the system of equations given by 7 - P =,

Zi\il m; = 1 for .

The stationary distribution gives the long term
probabilities for the Markov chain to be in a given state,
and does NOT depend on the initial distribution p'(%)

(see exercises).

18



